A NOTE ON THE FROBENIUS-EULER NUMBERS AND 
POLYNOMIALS ASSOCIATED WITH BERNSTEIN 
POLYNOMIALS 



Abstract. The present paper deals with Bernstein polynomials and Frobenius- 
Euler numbers and polynomials. We apply the method of generating function 
and fermionic p-adic integral representation on Z p , which are exploited to 
derive further classes of Bernstein polynomials and Frobcnius-Euler numbers 
and polynomials. To be more precise we summarize our results as follows, 
we obtain some combinatorial relations between Frobenius-Euler numbers and 
polynomials. Furthermore, we derive an integral representation of Bernstein 
polynomials of degree n on Z p . Also we deduce a fermionic p-adic integral rep- 
resentation of product Bernstein polynomials of different degrees ni,rt2,--- 
on Z p and show that it can be written with Frobenius-Euler numbers which 
yields a deeper insight into the effectiveness of this type of generalizations. 
Our applications possess a number of interesting properties which we state in 
this paper 



Let p be a fixed odd prime number. Throughout this paper we use the following 
notations. By Z p we denote the ring of p-adic rational integers, Q denotes the field 
of rational numbers, Q p denotes the field of p-adic rational numbers, and C p denotes 
the completion of algebraic closure of Q p . Let N be the set of natural numbers and 
N* = N U {0}. The p-adic absolute value is defined by 



In this paper, we assume \q — 1| < 1 as an indeterminate. In [17-19], let UD (Z p ) 
be the space of uniformly differentiable functions on Z p . For / £ UD (Z p ), the 
fermionic p-adic integral on Z p is defined by T. Kim: 
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1. Introduction and Notations 



(1.2) 



(1.1) 
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Let C([0, 1]) be the space of continuous functions on [0,1]. For C([0, 1]), the 
Bernstein operator for / is defined by 

B n (/, *) = £/(£) B ^ (*) = £ / (~) it) xk c 1 - 

fc=o v 7 fc=o V / \ / 

where n, fc G Z + := {0, 1, 2, 3, ...}. Here -Bfc, n (x) is called Bernstein polynomials, 
which are defined by 

(1.3) Bk, n (*) = Q X* (1 " x) n ~ k ,X€[0, 1] 

(for more informations on this subject, see [1-6, 11, 14, 15, 17, 21-24]) 
In [7], as is well known, Frobenius-Euler polynomials are defined by means of 
the following generating function: 

(1.4) V H n («, s) ^ = e fl ^ = ^V*. 

n=0 

where the usual convention about replacing H n (u,x) by H n {u,x). For x = 
in (ll.4[) . we have to H n (u, 0) := (it), which is called Frobenius-Euler numbers. 
Then, we can write the following 

(1.5) e H(u)t = E F «W^ = 
By (|1.4|) and f| 1 . 5[) . we easily see the following applications: 

e (H(u) + l)t _ ue H(u)t = 1 _ u 

y [(ff( U ) + i) n - U ff n («)]- = i-u 

After these applications, we derive the following Lemma. 
Lemma 1. For \u\ > 1 and n G Z + := PJ(J {0}, we have 

1 — u, ifn = 



1-u 



(1.6) (#(«) + !)-«#»(«) 



0, i/n^0. 



In this paper, we obtained some relations between the Frobenius-Euler numbers 
and polynomials and the Bernstein polynomials. From these relations, we derive 
some interesting identities on the Frobenius-Euler numbers. 

2. On the Frobenius-Euler numbers and polynomials 

Let us take / (x) = u x e tx in (|1.1[) . by (|1.2p . we see that 

(2.1) f u^ t d f i_ 1 ( V ) = -^-H n (-u- 1 ). 

By (II. 4[) and (|2.1[) . we have the following theorem. 
Theorem 1. 

(2.2) / u r >(x + r ] ) n dn_ 1 (r ] ) = -?—H n (-u- 1 ,x). 
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By applying some combinatorial techniques in (|2.2j) . we derive the following 

So, from above, we have the well known identity 
(2.3) H n {-u-\ x)=J2 (l) * n ~ k H k (-u- 1 ) = (H (-u 



k=0 



-1\ 



by using the umbral (symbolic) convention H n (u) := H n (u). 
The Frobenius-Euler polynomials have to symmetric properties, which is shown 
by Choi et al. in [7], as follows: 

H n (-u-\ l-x)= (-l) n H n (-u-\x) . 

For n £ N, by (|2.3[) . Choi et al. derived the following equality: 

(2.4) u 2 H n 2) =u 2 + u + H n . 

From (|2.2p and (|2.4p . we easily see that 



(2.5) / tt'fi-'jr^iW 



(-if / u'o-ir^iM 

2 



u + 
2 



T (-iri?n (-u-\-i) 

-H n (-u-\2). 



u - 

Thus, we obtain the following Theorem. 
Theorem 2. The following identity 

(2.6) / u v(l-r 1 ) n dn_ 1 (r 1 ) = ^-H n (-u-\2) 

Jz p u + 1 

is true. 

Let n £ N. By expression of (|2.4[) and (|2.6j) . we get 

(2-7) / ^(l-^r^-xW = -^7 + 7^7- + ^—H n (-u- 1 ) 

I j u + 1 vr + u u 6 + u 

From (|2.7[) . we procure the following corollary. 

Corollary 1. For neN, we have 

vP (i - n? d/x-j (n) = -4t + + -r^ ■ 

U + 1 ti^+li 
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3. Some identities on the Frobenius-Euler numbers 

In this section, we develop Frobenius-Euler numbers, that is, we derive some 
interesting and worthwhile relations for studying in Theory of Analytic Numbers. 
Now also, for x G [0, 1], we rewrite definition of Bernstein polynomials as 

follows: 

(3.1) Bk.n (x) = (j^J xk (1 — x ) n ~ k , where n,k G Z+. 

By expression of (|3.1[) . we have the properties of symmetry of Bernstein polyno- 
mials as follows: 

(3.2) B k . n (x) = Sn-fc.n (1 — as) , (for detail, see [21]). 
Thus, from Corollary 1, (13.11) and (|3.2[) . we see that 

\ k /I 



z=o ^ ' "^ Z p 

K / \ ( / \ U + 1 IT + U U f} + U 



For n, fc G Z + with n > fc, we compute 
(3.3) / B h , n {ri)vPdiL_ x {rj) 



k 



A; / \ t / V U + 1 + + u 



ff„ (-U- 1 ), iffc = 0, 



if fc > 0. 



Let us take the fermionic p-adic g-integral on Z p on the Bernstein polynomials 
of degree n as follows: 

(3.4)/ B^^vPd^rj) = ( n \ I r ] k (l-r 1 ) n - k u^_ 1 (r 1 ) 



i=0 

Consequently, by expression of (|3.3[) and (|3.4j) . we state the following Theorem: 
Theorem 3. The following identity holds true: 



L — k 

' n 



-k\. , _ n [ 1 + « _1 + tt- 2 iT n (— , ifk = 0, 



1=0 



Ef=o (7) (- 1 ) (1 + + ^Hn-i (-u- 1 )) , i/ fc > 0. 
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Let ni,ri2,k 6 Z+ with m + n 2 > 2k. Then, we derive the followings 
/ B k>ni (77) B ktm (77) u r, d/j,_ 1 (77) 

£ (?) ( - 1)2fc+ 7 (i-^r + " 2 "'^-iW 

e Cf) (-i) 2fe+( f 4t + -sV- + {-u-- 

^ \ l J \ U + 1 U 2 + U If 3 + u 



( n{\ ( n 2 



rii\ (n 2 
k \k 



— %-r -\- — — ~l~ — 3~T — ^rti +ri2 ( — 1£ ^) , if = 0, 

U + l U^+U U d +U fil T' l 2 V / ' ' 

. (I 1 ) (I) J2to (?) (-i) 2fe+ ' (^t + A + A^x-^-i > if kjt 0. 

Therefore, we obtain the following Theorem: 
Theorem 4. For n\, n 2 , fc G Z + wii/i ni + n 2 > 2k, we have 

/ B k>ni (77) B fe ,„ 2 (77) u 7? <i/^_ 1 (77) 

. (T)(T) £?o (?) (-i) 2fe+i (4t + A + A^-h*-! - i/M 0. 

By using the binomial theorem, we can derive the following equation. 
(3-5) / B k , ni (v) B k,n 2 {v) vPdn^ (77) 

2 / x n 1 +n 2 -2fe , . N 

= n( n ;) e ( ni+ 7" 2fe )(-i)7 av>w 

i=l ^ ^ (=0 ^ ' "^ Z p 

„ 2 / x rii+ri2-2/c / o;X 

- :) e ? (-»-) • 

i— 1 x ' I— 

Thus, we can obtain the following Corollary: 
Corollary 2. For ni,n 2 ,k E Z + wifj/i ni + n 2 > 2k, we have 



ni+n 2 ~2k , 

f nx + n 2 — 2k 



1=0 



, J (-1) H 2k+l (-« ) 



( l + u- 1 +u- 2 H ni+n2 (-u- 1 ) , ifk = 0, 

\Et O(-l) 2k+l (l + u- 1 +u-*H ni+n2 _ l (-u-i)), 7/fc^O. 

For 77 £ Z p and s G N with s > 2, let 774, n 2 , n s , k G Z + with X^=i tt,; > sk. 
Then we take the fermionic p-adic g-intcgral on Z p for the Bernstein polynomials 
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of degree n as follows: 

Bk, ni (v) B k,n 2 (v) -Bk.ns {rfivPdn^ (17) 



flu) / ^l-^) ni+n2+ '" +ns ~ Sfe ^M- 1 M 

i= 1 ^ ' 

n ( U ) E (f ) (- 1 )' +sfe / z a - tr +n2+ - +n *- 1 w 

^TT + S^TS + ^3 2 KT iJ «i+n2 + ...+n s > if fc = 0, 

f[ (*) £*=o (?) (-l) Sfe+i (^t + A + A^-^+...+n.-i , if M 0. 

. »=1 

So from above, we have the following Theorem: 

Theorem 5. for s G N with s > 2, let n±, TI2, n s , k G Z + with Yli=i n l > s ^*- 
Then we have 



tfl + TO + ^ffn 1 +« s+ ...+n, (-U X ), i/fe = 0, 

f[ Ok) E*=0 (f ) (-l) Sfc+( + * + ^^+...+-.-1 (-^)) , 



i=l 



From the definition of Bernstein polynomials and the binomial theorem, we easily 
get 

B k , ni (v)Bk,n 2 (rj) -Bk,n s (r))u r >d[j,_ 1 (77) 

V v ' 

s— times 

s / \ ni + ...+n s -sk /v ^s / ,u e 

= n(*) E p-^-'iji-D'lrv*^,) 



Therefore, by (|3.6p , we get novel properties of Frobenius-Euler numbers with the 
following corollary: 

Corollary 3. For s G N with s > 2, let m, ri2, n s ,k E Z + with Yli=i n ( > 
Then, we have 



J u 2 + it + i? ni+n2+ ... +ns , if k = Q, 

I E£o (f ) (-l) S " +i (« 2 + « + #»,+«,+...+».-« ("U" 1 )) , if k ^ 0. 
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